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3UWAPY 

7b«  purpose  pap«r  is  to  show  how  th«  Voronol 

runctions  and  thoir  analoguss  In  algebraic  number  fields, 
metric  fields,  and  finite  fields,  can  be  used  to  gensrats 
large  classes  of  functions  possessing  functional  equations  of 
nodular  type. 
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ON  A  CLASS  OF  PrJNCTIOWAL  BQUATIONS  OF  THE  HODULAR  TYFl 
iJfTRODUCTIOW 


Th«  Voronol  functions,  or  gsnsrullesd  '^sssl  functions. 


0  8* 


(1) 


play  an  Important  rola  In  analytic  numtar  theory  In  connection 
with  lattice  point  problema  and  other  problems  Involving  seta- 
functions.  Flret  introduced  by  Voronol  in  his  classic  paper 
on  the  Dlrlchlet  divisor  proble<t,  they  have  teen  discussed  by 
Hardy  »nd  Steen  l51  >  who  considered  the  siore  general  functions 

defined  by 


V(x;a^,a2,  .  .  .  ,a^  x*“^dx  -  (2) 

a  class  of  functions  whose  lnq;>ortar,ce  was  recognised  by  Voronol. 
Oene rail tat ions  in  the  direction  of  algebraic  number  fields  and 
■atrlc  fields  have  been  diacuased  by  ^ellsem  [^1^  and  Bochner  [2]. 
This  function  was  also  used  by  Heoice  In  his  researches;  cf.,  in 
addition,  Maaaa. 

In  a  previous  paper  fl]  ,  we  sketched  some  extensions  of  the 
method  used  by  Hardy  [3]  to  obtain  a  number  of  striking  Identi¬ 
ties  satisfied  by  aeries  formed  with  these  functions.  In  this 
paper,  we  wlab  to  indicate  how  to  form  extensive  classes  of 
functions  satisfying  functional  equations  of  modular  type, 
using  these  functions  and  tb>elr  natural  extensions  in  the 
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mtlocAl  ri«ld,  algcbrmic  nuBit«r  fields,  nstrlc  fields,  hypsn* 
cosiplsx  fields,  end  finite  fields. 

A  store  detailed  account  will  be  presented  subsequently. 


2.  THE  RATIONAL  FIELD 


'onsider  function  defined  by  the  series 


■  ,n  -—00 

where  0  <  x,  y,  u,  v  <  1,  end  t^,  >  0.  Using  the  representa¬ 

tion  in  (1.1),  we  nay  write 


00  r  00  -w(x4ei)^st.4>?Tisni 
f (x,y;u,v;t^,t2)  -  ^  e  ^ 

0  si.-ee 


z  • 


(y+n)^t^  s**-2Tinv1  ^ 


[_n«— 00 


Applying  the  functional  equation  for  the  theta— function  in  each 
of  the  brackets,  we  have 


f(x,y;u,v;t^,t2)  -  * 


— ^  1  ( xu>yv ) 


f(v,u;-y,-x;t2^,tY^)  . 
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L«t  U8  not#  th«t  no  proport of  tho  wolgtt  do/o*  havo 

boon  uaod.  Conaoquontly ,  tho  oano  functional  oquatlon  holds 

for  any  wolght-functlon  da(B)  ponslttlng  tho  Intorchangos  of 

suannatlOT)  and  Intogration  abovo.  Purthonnoro ,  contour  intograls 

2  2 

tbo  for*  ^  o  '*  /*  ^  bo  uaod,  with  dlfforont  contours 

c  t 

yloldlng  dlfforont  functions. 


4.  SPECIALIZATION 

If  wo  allow  X,  y,  u,  and  r  to  assuaao  rational  valuoa,  a 
nuBbor  of  Intorostlng  Idontltlos  Involving  suas  ovor  divisors 
in  spoclflod  roslduo  classos  aro  obtalnod. 

'n-ils  Is  a  consoquonco  of  tho  rolatlon 


(*J)‘ 


Consldor,  In  particular,  tho  caso  a  •  1,  and  x«y>u«va  1/2. 
Thon  (2.3)  ylolds,  with  t^t^  -  t^. 


or 
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R-1 


irh«r« 

a(R)  -  ^  (-.1)*^  ,  -  OD  <  »,  n  <  00  . 

I  l*2m\  1  l4-2r)l-H 


SiBilar  i(3«ntlti«8  ar*  obtained  with  othar  rational  valuas 
of  X ,  y ,  u ,  and  v . 


5.  aafERALIZATION  Dl  TWZ  RATIONAL  FIELD — I 

Using  tha  gararalltad  Voronol  function  In  tha  for« 


*  ®  -"l*! - ‘i’s-'-'k  ■‘•l 

-  ,  •  •  •  y  •  -|- 

0  0  .  1 

■1 


cf.  Staar  [[5J  and  ’^llaan  [^l]  ,  a  ralatlon  analogoua  to  that  of 
(2.3)  can  Da  obtalnad  for  tha  function  laflnad  by  tha  sarlas 

?’*E^ 

00 

3  )v'  ^ ^ »  •  •  • » ( ^^1*^2*  *  *  * ^  * 


•—<30 


whara  0  <  <  1,  tj^  >  0.  Thaaa  Idantltlaa  ylald  analoguas 

of  (3-3)  for  hlghar  ordar  divisor  functions. 


6.  OatSPALIZATIOWS  IN  THE  RATIONAL  FIELD — II 
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Tvo  rurt*'.«r  lin«B  of  gen«ralirBtlor  arc  iHMidlatc.  In  plAce 
of  trvo  two— dlBonel oral  for®  of  (5. 1)»  ••  ■•y  eatploy 


QD  00 

^  /» 


0 


0 


2  2  2  2 
( a  jX^4-B  1  1*2  ^ 


(1) 


utilising  all  coatlnatlona  of  producta,  onm  at  a  tlM,  two  at  a 
tin*,  and  ao  or .  In  placa  of  forming  auma  auch  aa  that  In  (5.2), 

wa  can  form  auma  auch  aa 


CO  ,1/5  V  ?xl(a,u,  ♦aUjU^'fru 


■  j»— <X) 


wharm  Q(u,  v)  -  t^u  ♦  2t2uv  ♦  t^r  la  a  poaltl v#— daf Inlta 
quadimtlc  form.  Uaa  of  tha  aniltldlmanalonal  thata— function 
trrnnaformation  will  jrlald  tha  daalrmd  functional  aquation. 


7.  ALQSPRAIC  mJWPEH  FTKT.nft 

Frocaadlng  In  tha  fashion  mada  claaalcal  by  tha  worit  of 
Hacka,  It  la  aaay  to  form  tha  eorrmapondlng  Voronol  functions 
In  totally  raal  flalda.  Thua,  for  axaapla.  In  R(v7)  ,  wa  hava, 
aa  tha  analogua  of  tha  function  In  (l.l). 


V.(*.y) 

•  •»0 


2  2 

— tr(Tx  a4iry  /a) 


* ' 


(1) 
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tn*  Integration  le  over  the  region  ^  ♦  *2  v”^* 
X  -  Xj  ♦  X.  v'?.  y  “  ^1 


8.  lUTRIC  PIZLUe 

similarly,  over  netrlc  field*,  following  the  work  of  Siegel, 
we  mkj  define  the  function  of  the  8y*etrlc  ••trice*  X  end  Y, 


V.(X.,Y)  -  /  e 
•  S>0 


— tr( Y^S”^  )  dS 


ISl*  ' 


where  the  Integretlon  1*  over  the  region  wr  ere  tte 

■•trlx  S  1*  po*ltlve--lef Inlte ,  dS  -  IT  '^*11 

1  <  1  <  J<n  •• 


g^xieetrlc 
end  |S|  1* 


the  deter«lnent  of  S,  cf.  ?ell»er  [l]  end  Bochner  [2]. 


9.  D15CVSS10H 

In  •  ll*ce  feehlor,  generellred  Beeeel  fxinctlon*  cen  be 
defined  over  aeny  hypercoaplex  field*  for  wtloh  the te— function* 
*xl*t.  We  *hell  dl*cu**  the*e  function*  In  «  •ut*equert  peper. 

10.  PINITZ  FI£U)S--ICL006TZ?W.XK>(  Sl?WS 

gr  enelogue  of  the  Voronol  function  In  finite  field*  1* 
the  Kloo*tere*.nn  *’j» 

1  ^-?Tl(x‘'n-^”^)^  p 

K(x,q;p)  -  2l  • 

n»  1 

with  Beny  other  er.elogue*  ofctelneble  Tram  the  contlnuou*  form* 
cited  above.  Corre*pondlng  re*ult*,  wr.lch  will  be  preoented 
alaatrhere,  cen  re  obtained  for  these  function*. 
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